Abstract. Let k be field of arbitrary characteristic and let Λ be a finite dimensional k-algebra. From results previously obtained by F.M Bleher and the author, it follows that if V • is an object of the bounded derived category D b (Λ-mod) of Λ, then V • has a well-defined versal deformation ring R(Λ, V • ), which is complete local commutative Noetherian k-algebra with residue field k, and which is universal provided that
Introduction
Let k be a field of arbitrary characteristic, let V be a Λ-module that has finite dimension over k and let R be a complete local commutative Noetherian k-algebra with residue field k. A lift of V over R is an R ⊗ k Λ-module M that is free over R together with an Λ-module isomorphism φ : k ⊗ R M → V . A deformation of V over R is defined to be an isomorphism class of lifts of V over R. In [14] , F. M. Bleher and the author to study universal deformations rings and deformations of modules for arbitrary finite dimensional k algebras. In particular, they proved that when Λ is a self-injective algebra and V is a Λ-module with finite dimension over k such that the stable endomorphism ring of V is trivial, then V has an universal deformation ring R(Λ, V ) that is stable under taking syzygies. This approach was used in [12, 14, 51] , to study universal deformation rings for certain self-injective algebras which are not Morita equivalent to a block of a group algebra. In [50] , the results in [14] were extended for the case when Λ is a Gorenstein k-algebra (as introduced in [2] ), and for when V is a (maximal) Cohen-Macaulay Λ-module (as introduced in [17] ). More recently, F. M. Bleher and the author in [13] extended some of the results in [14] to bounded complexes over finite dimensional algebras by adapting the techniques in [10, 11] . More precisely, they proved that if V
• is a bounded complex of finitely generated Λ-modules, then V • has a well-defined versal deformation ring R(Λ, V
• ), which is universal provided that the endomorphism ring of V • over the derived category of Λ is trivial. In [50] , the results in [14] were extended for the case when Λ is a Gorenstein k-algebra (as introduced in [2] ), and for when V is a (maximal) Cohen-Macaulay Λ-module (as introduced in [17] ), i.e., Ext i Λ (V, Λ) = 0 for all i > 0. Following [27, 28] , we say that a (not necessarily finitely generated) left Λ-module M is Gorenstein projective provided that there exists an exact sequence of (not necessarily finitely generated) projective left Λ-modules · · · → P . Moreover, if Λ is a Gorenstein k-algebra, then finitely generated Gorenstein projective left Λ-modules and (maximal) CohenMacaulay Λ-modules coincide (see [3] ). However, it follows from an example given by J.I. Miyachi (see [37, Example A.3] ) that in general not all (maximal) Cohen-Macaulay modules over a finite dimensional algebra are Gorenstein projective. Recall that the singularity category D sg (Λ-mod) of Λ is the Verdier quotient of the bounded derived category of finitely generated left Λ-modules D b (Λ-mod) by the full subcategory K b (Λ-proj) of perfect complexes (see [52] , [41] and §2 for more details). If Λ is self-injective, then it follows from [46, Thm. 2.1] that D sg (Λ-mod) is equivalent as a triangulated category to Λ-mod the stable category of finitely generated left Λ-modules. If Λ is Gorenstein, then it follows from [17] (see also [34, §4.6] for the case when k is algebraically closed) that D sg (Λ-mod) is equivalent as a triangulated category to the stable category of finitely generated Gorenstein projective left Λ-modules. In particular, if Λ has finite global dimension, then its singularity category is trivial. In a more general setting, D. Orlov rediscovered independently the notion of singularity category in the context of algebraic geometry and mathematical physics (see e.g. [44, 45] ). This has motivated the study of the structure of singularity categories under different situations (see e.g. [19, 20, 23, 25, 39, 48] and their references).
The first goal of this article is to prove the following result. • over Λ, the versal deformation ring R(Λ, V • ⊕ P • ) is isomorphic to R(Λ, V
• ).
Examples of complexes V
• as in the hypothesis of Theorem 1.1 can be found in the study of G-resolutions of modules of finite Gorenstein dimension as explained in [4] , in the study of Gorenstein derived categories as introduced in [32] , and in the study of Gorenstein singularity categories as introduced in [5] .
It was also proved in [13] that versal deformation rings of complexes are preserved by derived equivalences induced by so-called nice two-sided tilting complexes. Moreover, it was proved in [13] that the isomorphism class of versal deformation rings of modules is preserved by stable equivalences of Morita type (as introduced by M. Broué in [15] ) between self-injective k-algebras. In [6] , V. Bekkert, H. Giraldo and the author proved that the isomorphism class of versal deformation rings of (maximal) Cohen-Macaulay modules over Gorenstein algebras is also preserved by so-called singular equivalences of Morita type, which extends the aformentioned result in [13] . These singular equivalences of Morita type were introduced by X. W. Chen and L. G. Sun in an unpublished article (see [24] ) and then formally discussed by G. Zhou and A. Zimmermann in [55] as a way of generalizing the concept of stable equivalence of Morita type to singularity categories.
The second goal of this article consists in proving the following result (for more details see Definition 4.2 and Theorem 4.6). Theorem 1.2. Let Λ and Γ be finite dimensional k-algebras, and assume that Γ X Λ , Λ Y Γ are bimodules that induce a singular equivalence of Morita type in the sense of [24, 55] and Definition 4.2, such that Hom Γ (X, Γ) and Hom Λ (Y, Λ) are of finite projective dimension as a left Λ-module and as a left Γ-module, respectively. Let V
• be a bounded complex in D b (Λ-mod) whose terms are all finitely generated Gorenstein projective left Λ-modules. Then the terms of X ⊗ Λ V
• are all finitely generated Gorenstein projective left Γ-modules, and the versal deformation rings R(Λ, V
• ) and R(Γ, X ⊗ Λ V • ) are isomorphic inĈ.
This article is organized as follows. In §2, we fix the notation that will be used in this article, review some preliminary definitions and properties concerning perfect complexes over finite dimensional algebras, and provide some basic result that will be used in the following sections. We also review some definitions and important properties concerning deformations and (uni)versal deformation rings of complexes over finite dimensional algebras as discussed in [13] . In §3 we prove Theorem 1.1 by carefully adapting some of the ideas in the proof of [14, Thm. 2.6] to the context of derived categories. In §4, we prove Theorem 1.2 by adapting the ideas in the proofs of [13, Prop. 3.2.6] and [6, Thm. 3 .4] to our context. As a consequence, we obtain that universal deformation rings of complexes whose terms are finitely generated modules of Gorenstein dimension zero and whose endomorphism ring (as an objected of the singularity category) is trivial, are invariant under certain singular equivalences of Morita type.
We refer the reader to look at [1, 3, 4, 7, 8, 9, 17, 27 , 28] (and their references) for basic concepts concerning (maximal) Cohen-Macaulay, totally reflexive and Gorenstein projective modules as well as their applications in other settings, and refer to [41, 52] for getting detailed information concerning localizations of triangulated categories and Verdier quotients.
Notations, preliminaries and basic results
In this article, k denotes a field of arbitrary characteristic and Λ denotes a fixed but arbitrary finitedimensional k-algebra. We denote byĈ the category of complete local commutative Noetherian k-algebras with residue field k. In particular, the morphisms inĈ are continuous k-algebra homomorphisms which induce the identity on k. We denote by C the full subcategory of Artinian objects inĈ. For every Noetherian object R inĈ, we denote by RΛ the tensor product of k-algebras R ⊗ k Λ, and by RΛ-mod we denote the abelian category of all finitely generated left RΛ-modules. We denote by RΛ-proj the full subcategory of RΛ-mod whose objects are finitely generated projective RΛ-modules.
Let R be a fixed Noetherian object inĈ. Following [16, 30, 31] , an RΛ-module M is said to be pseudocompact if it is the inverse limit of RΛ-modules of finite length having the discrete topology. In particular, every finitely generated RΛ-module is pseudocompact. It follows from [30, 31] that the category of pseudocompact left RΛ-modules is an abelian category. Let C − (RΛ) denote the abelian category of bounded above complexes of pseudocompact RΛ-modules, let K − (RΛ) be the corresponding homotopy category, and let D − (RΛ) be the corresponding derived category. In particular, the bounded derived category of finitely generated left RΛ-modules
We denote by T the shifting functor on C − (RΛ), K − (RΛ) and D − (RΛ), i.e. T shifts complexes to the left and changes the sign of the differentials. If M is a pseudocompact RΛ-module, then M defines an object in D − (RΛ) by considering it as a stalk complex concentrated in degree zero. For all morphisms f : [29, §8.3 .6]), we say that an object M
• in K − (RΛ) has finite pseudocompact R-tor dimension, provided that there exists an integer N such that for all pseudocompact R-modules S, and for all integers i < N we have H i (S⊗ L R M • ) = 0, where⊗ R denotes the completed tensor product in the category of pseudocompact R-modules. Note in particular that if M is a finitely generated as pseudocompact R-module, then the functors M ⊗ R − and M⊗ R − are naturally isomorphic. From now on we usê ⊗ R to denote both ⊗ R and⊗ R accordingly. If π : R → R is a morphism of Noetherian objects inĈ, then π induces a morphism of derived categories R ⊗
Remark 2.1. Let R be an Artinian object in C and suppose that M • is a complex in K − (RΛ) that has abstractly free pseudocompact R-modules and has finite pseudocompact R-tor dimension. By the arguments in [13, Remark 2.1.6] (see also [43, pg. 263 ]), we can truncate M
• to obtain a bounded complex M • whose terms are abstractly free pseudocompact R-modules and such that M
• is quasi-isomorphic to M
The following lemma is a direct consequence of a result due to M. Hashimoto (see [36, Thm. 1] ).
Lemma 2.2. Let R be a Noetherian object inĈ and let M • be a complex in C − (RΛ) whose terms are finitely generated flat R-modules. If k⊗ R M
• is acyclic, then M • is also acyclic.
We obtain the following result, which relates surjective morphisms of Artinian objects in C with perfect and acyclic complexes. Lemma 2.3. Let π : R → R 0 be a surjective morphism of Artinian objects in C.
where the terms of both M • and M • are abstractly free finitely generated RΛ-modules. If the induced morphism k⊗ R f : Proof. (i). We can assume without loosing generality that P • 0 is of the form
where for all 0 ≤ j ≤ m, P −j 0 is a finitely generated projective R 0 Λ-module. For each P −j 0 , there exists a finitely generated projective RΛ-module P −j and a surjective morphism of RΛ-modules p −j :
is an isomorphism of finitely generated projective R 0 Λ-modules. Moreover, for all 0 ≤ j ≤ m, there exists a morphism δ
It follows by Nakayama's Lemma that δ
Thus we obtain a perfect complex over RΛ, namely
After tensoring the corresponding distinguished triangle 
such that the following diagram of triangles in K − (Λ) is commutative:
. 
T v
Since the category of perfect complexes over RΛ is a full triangulated subcategory of K − (RΛ) , it follows that C • f is also a perfect complex over RΛ. This finishes the proof of Lemma 2.3.
Following [27, 28] , we say that a (not necessarily finitely generated) left Λ-module M is Gorenstein projective provided that there exists an exact sequence of (not necessarily finitely generated) projective left Λ-modules
such that M = coker f 0 , and for all integers i > 0 and j ∈ Z we have Ext Note that if V is in Λ-GProj and P is a finitely generated projective Λ-module, then Ext
• is a bounded complex in C − (Λ) with all of its terms in Λ-GProj, then for all i > 0
Proof. (i). Assume without loosing generality that P
• is of the form:
where for all 0 ≤ j ≤ m, P −j is a finitely generated projective Λ-module. Since V ∈ Λ-GProj, Lemma 2.4 (i) follows for the case m = 0. Assume the statement of Lemma 2.4 (i) true for all perfect complexes Q • over Λ whose length is smaller than m. Let P
• be the associated truncated complex to P • (i.e. P −j = 0 for j ≥ m, P −j = P −j and δ
to P • whose mapping cone is P • . Therefore, we obtain a distinguished triangle in
(2.1)
By applying Hom D − (Λ) (V, −) to the triangle (2.1) and using [35, Prop. I.
, we obtain a long exact sequence
where i > 0 and Ext
. Note that since P −m is a finitely generated projective Λ-module and P
• is a perfect complex over Λ of length smaller than m, we obtain by induction that for all i > 0, Ext
(ii). We can assume without losing generality that V • is of the form
• is a Gorenstein projective left Λ-module concentrated in degree zero. In this situation, (ii) follows from (i). Assume then the result true for all complexes W
• whose terms are all in Λ-GProj and whose length is strictly less than n. As in the proof of (i), we obtain a distinguished triangle in K − (Λ):
where V • is the associated truncated complex to V • . As before, by applying Hom
2) and using [35, Prop. I.1.1 (b), §I.6], for all i > 0, we obtain a long exact sequence
Note that since V −n and V • are bounded objects in C − (Λ) whose terms are in Λ-GProj and whose length are both smaller than n, we obtain by induction that Ext
This finishes the proof of Lemma 2.4.
Since every projective left Λ-module is Gorenstein projective, we obtain the following direct consequence of Lemma 2.4.
• is a bounded complex of finitely generated RΛ-modules. Then Ext
2.1. Quasi-lifts, deformations and (uni)versal deformation rings of complexes.
Definition 2.7. Let V • be a complex in D − (Λ) which has only finitely many non-zero cohomology groups, all which have finite k-dimension and let R ∈ Ob(Ĉ) be fixed but arbitrary.
, and for all morphisms α : R → R inĈ, 
• ) with the following property. For each R ∈ Ob(Ĉ), the map
is surjective, and this map is bijective if R is the ring of dual numbers k[ ] over k where • has exactly one non-zero cohomology group C of finite kdimension, then the versal deformation ring R(Λ, V
• ) coincides with the versal deformation ring R(Λ, C) considered in [14] . In particular, the groups Hom 
which is surjective on terms, and whereṼ
• is of finite R-tor dimension having finitely many non-zero cohomology groups, all of which have finite R-length. Assume further that all the terms of X
• have finite k-length.
, then we can replace X
• for a bounded above complexX • of abstractly free finitely generated RΛ-modules such thatX
• is as in (ii).
Representability of the Deformation Functor, (Uni)versal Deformation Rings and Perfect Complexes
In this section, our goal is to prove Theorem 1.1 by proving Proposition 3.1 and Lemma 3.10 below.
Proposition 3.1. Let V • be a bounded complex in C − (Λ) whose terms are all in Λ-GProj and which has only finitely many nonzero cohomology groups, all of which have finite k-dimension. to the full subcategory C ofĈ of Artinian objects by using small extensions in C, i.e., surjections π : R → R 0 of Artinian objects in C such that the kernel of π is a principal ideal tR annihilated by the maximal ideal m R of R.
Proof. We prove Proposition 3.1 by carefully adjusting some of the arguments in the proof of [14, Thm. 2.6] to our context. Claim 3.3. Let π : R → R 0 be a surjection of Artinian objects in C. Let M
• be an object in C − (RΛ) such that all its terms are abstractly free finitely generated RΛ-modules, and let Q
• be an arbitrary complex in
Proof. Since R and R 0 are Artinian, we can assume that π : R → R 0 is a small extension as in Remark 3.2.
Consider the short exact sequence in C − (RΛ) 
Since the terms of M • are abstractly free finitely generated RΛ-modules and tQ
, we obtain an isomorphism of abelian groups
Note that in particular that
By using Lemma 2.4(ii) we obtain that Ext
• be the natural morphism in C − (RΛ) which is surjective on terms. Note that since tR is annihilated by m R , it follows that all the terms of Q • 0 are also annihilated by t. Therefore τ M • induces an isomorphism
, and thus there exists a morphism v :
This finishes the proof of Claim 3.3.
Suppose that all the terms of M
• are abstractly free finitely generated RΛ-modules, that N
• has finite R-tor dimension and all its terms are finitely generated RΛ-modules, and that k⊗ R M • and V
On the other hand, since N
• has finite R-tor dimension, by Remark 2.1 we can assume that N
• is a bounded complex whose terms are finitely generated free R-modules. Let 
Since by Lemma 2.6 Ext
• is the natural morphism in C − (RΛ) which is surjective on terms. In particular, we obtain that
This finishes the proof of Claim 3.4.
Claim 3.5. Let R be an Artinian object in C, and let (M 
, with W • isomorphic to a perfect complex over Λ. By Remark 2.8, we can assume that V
• is a bounded above complex of abstractly free finitely generated Λ-modules, that M
• and M • are bounded above complexes of abstractly free finitely generated RΛ-modules, that f is given by a quasi-isomorphism in C − (RΛ) that is surjective on terms, and that φ, φ andf are given by quasi-isomorphisms in C − (Λ) that are surjective on terms. Moreover, v can be assumed to be a morphism in K − (Λ) whose mapping cone is isomorphic to an object in
, and hence so is
This finishes the proof of Claim 3.5.
• ) is surjective, where for all r ∈ R, η M • (r) is represented by the diagram Proof. Let π : R → R 0 be a small extension in C as in Remark 3.2 and assume that the ring homomorphism 
with N • isomorphic to a perfect complex over RΛ. As in the proof of Claim 3.5 we use Remark 2.8 so that we can assume that V
• is a bounded above complex of abstractly free finitely generated RΛ-modules, that f is a morphism in K − (RΛ), and that φ is given by a quasi-isomorphism in C − (RΛ) that is surjective on terms. We can also assume that C • s is isomorphic to an object in K b (RΛ-proj). In particular, the terms of M • are finitely generated RΛ-modules and C • s is isomorphic to a bounded complex whose terms are flat as R-modules, which implies that C • s also has finite R-tor dimension (see [38, Prop. 5 • has also finite R-tor dimension. On the other hand, note that R 0⊗R,π C • s is a perfect complex over R 0 Λ and that f and s induce morphisms f 0 , s 0 : 
= It follows that C
• s0 is also a perfect complex over R 0 Λ, and thus that the diagram By Lemma 2.3(iii), the mapping cone C
• ) which factors through a perfect complex over RΛ such that σ 0 = R 0⊗R,π σ. Let r ∈ R be such that π(r) = r 0 . It follows 
• be the natural morphisms in C − (RΛ) that are surjective on terms. We obtain an isomorphism of abelian groups (3.5)
which sends the homotopy class of a morphism g : where the mapping cone of y 0 is a perfect complex over Λ. By Lemma 2.4(iii), the mapping cone of x 0 is also a perfect complex over Λ. Since
factors through a perfect complex over Λ. By Claim 3.4, there exists
• be the pre-image of k⊗ R σ 1 under the isomorphism (3.5). Let a ∈ R such that ta is sent toā by the isomorphism tR
On the other hand, since σ 1 factors through a perfect complex over RΛ, there exists a suitable non-trivial morphism u in K − (RΛ) whose mapping cone is isomorphic to a perfect complex over RΛ such that
Since τ 2 is an isomorphism, it follows that σ 2 • u = 0, which implies that σ 2 factors through a perfect complex over RΛ. By using (3.4) and that s t is the restriction of s :
Since both σ and σ 2 factor through a perfect complex over RΛ, it follows that there exists a morphism
, and thus we obtain a commutative diagram in K − (RΛ): Claim 3.7. Let π : R → R be an small extension of Artinian objects in C as in Remark 3.2. The natural map
Proof. Let α 1 : R × R R → R (resp. α 2 : R × R R → R ) be the natural surjection onto the first (resp. second) component of
Then g R defines a morphism in D − perf (RΛ) that can be described by the diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • R defines a quasi-lift of V • over R, it follows from Claim 3.6 that there exists r ∈ R such that the following diagram in D − (RΛ) is commutative: where the mapping cone of v R is a perfect complex over R.
By Remark 2.8 we can assume that V
• is a bounded above complex of abstractly free finitely generated Λ-modules, that M • R is a bounded above complex of abstractly free finitely generated R Λ-modules, and that g R is given by a quasi-isomorphism in C − (RΛ) that is surjective on terms. By Claim 3.4, there exists a morphism Remark 3.8. Let P
• be an object in K b (Λ-proj). Let R be an Artinian object in C, let ι R : k → R be the unique morphism in C that endows R with a k-algebra structure, and let π R : R → k be the natural projection in C. Then π R • ι R = 1 k and P
We obtain the following result, which is a version of Claim 6 within the proof of [14, Thm. 2.6] (resp. Claim 2.3.6 within the proof of [50, Thm. 2.2]) for derived categories.
Lemma 3.9. Let R be an Artinian object in C and let P • R be a perfect complex over RΛ. Suppose there is a commutative diagram of triangles in K − (RΛ) (3.6) where the terms of A • and C • are abstractly free finitely generated RΛ-modules, the complexes k⊗ R A • and
to bounded complexes with terms in Λ-GProj, and that the bottom row arises by tensoring the top row with k over R and by using the isomorphism π R,P • : k⊗ R,π R P
Then the morphism g in the top row of (3.6) is a section in K − (RΛ).
Proof. Without losing generality, assume that P 
In particular, it follows from [35, Prop. I.6.1] that there exists a morphismw : k⊗A
By Lemma 2.3, we obtain that w • g is a quasi-isomorphism, which implies that g induces a section in D − (RΛ). Since the terms of P
• R and A • are finitely generated projective RΛ-modules, we can assume that g is a section in K − (RΛ). This finishes the proof of Lemma 3.9.
We next use Lemma 3.9 to prove the following result, which is a version of [13, Lemma 3.2.2] and [6, Lemma 2.2] for derived categories. Although its proof can be obtained from that of [13, Lemma 3.2.2] by easily adjusting the arguments to the language of derived categories, we decided to include it for the convenience of the reader.
Lemma 3.10. Suppose that V
• is a bounded complex in C − (Λ) such that all its terms are in Λ-GProj, and let P
• be a perfect complex over Λ. Then P • has a universal deformation ring R(Λ, P • ) isomorphic to k, and the versal deformation ring R(Λ, V
Proof. By Remark 2.8, we can assume V • to be a bounded above complex of abstractly free finitely generated Λ-modules, and that P
• is an object in K b (Λ-proj). It follows from Corollary 2.5 that Ext
, which implies by [13, Thm. 2.1.12] that the versal deformation ring R(Λ, P
• ) is isomorphic to k. For each object R inĈ, let ι R : k → R be the unique morphism inĈ that endows R with a k-algebra structure, and let π R : R → k be the morphism of R to its residue field k inĈ. In particular, π R • ι R = 1 k . This means that k is the universal deformation ring of P
• . Let R be a Noetherian object inĈ. Define a map
where
• are as in Remark 3.8. Since for all α : R → R in C, α • ι R and π R • α = π R , it follows that the map (3.7) is natural with respect to morphisms inĈ. Due to the continuity ofF V • andF V • ⊕P • , in order to prove Lemma 3.10, it suffices to show that the map (3.7) is bijective for all Artinian objects R in C.
Let R be an Artinian object in C be fixed but arbitrary. Suppose that (M • , φ) and (M • , φ ) are two quasi-lifts of V over R such that there exists an isomorphism in D − (RΛ)
R f 11 ) = φ and k⊗ R f 22 = 1 P • . By Remark 2.4, we can assume that V
• is a bounded above complex of abstractly free finitely generated Λ-modules, that both M
• and M • are bounded above complexes of abstractly free finitely generated RΛ-modules, that f is given by a quasi-isomorphism in C − (RΛ) that is surjective on terms, and that both φ and φ are given by quasi-isomorphisms in C − (Λ) that are also surjective on terms. By Lemma 2.3 (ii), it follows that both f 11 and f 22 are both quasi-isomorphisms in C − (RΛ), which induce isomorphisms in
and the map (3.7) is injective. We next show that the map (3.7) is surjective. Let (A • , ϕ) be a lift of V • ⊕ P • over R. As before, we can assume that A
• is a bounded above complex of abstractly free finitely generated RΛ-modules and that ϕ is given by a quasi-isomorphism in C − (Λ), which is surjective on terms. Consider
whose terms are all in Λ-GProj. Thus consider the short exact sequence of
where m R denotes the unique maximal ideal of R. Since A • has finite R-tor dimension, following Remark 2.1, we can assume that A
• is a bounded complex of finitely generated RΛ-modules which are free over R. Hence, we can assume that m R A
• is a bounded complex in C − (RΛ). By [35, Prop. I.6.1], we obtain a long exact sequence of abelian groups
By Lemma 2.6, we get Ext
• ) = 0, and thus there exists a morphism g :
, where pr is the composition of the natural morphism
• g is the mapping cone of g. Note in particular that all the terms of C • are all abstractly free finitely generated RΛ-modules. Tensoring (3.8) with k over R yields a commutative diagram of triangles in K − (RΛ) as in (3.6). Note in particular that by the definition of mapping cones, k⊗ R C • is isomorphic to a bounded complex in C − (Λ) whose terms are all in Λ-GProj. By Lemma 3.9, we obtain that g is a section in K − (RΛ). Following [33, Lemma 1.4], we obtain that h :
follows from the axiom of triangulated categories (TR3) (see e.g. [35, §I.1] ) that there exists a morphism ξ : k⊗ R C
• → V • such that the following diagram of exact triangles in K − (Λ) is commutative: 
By Claim 3.3, there exists a morphism λ :
Hence, by replacing k for k 1 in the identities (3.9), we see that
Therefore, the map (3.7) is bijective for all Artinian objects R in C. This finishes the proof of Lemma 3.10.
Finitely Generated Gorenstein Projective Modules, Singular Equivalences of Morita
Type, and Versal Deformation Rings
Recall that finitely generated Gorenstein projective left Λ-modules coincide with the left Λ-modules of Gorenstein dimension zero or the ones that are totally reflexive as discussed in [1] and [4] , respectively (see e.g. [21, Lemma 2.
1.4]).
We need the following result that summarizes some properties of finitely generated Gorenstein projective left Λ-modules (see [3, §4] and [4] ).
Lemma 4.1. Let V be a finitely generated left Λ-module.
(i) V is Gorenstein projective with finite projective dimension if and only if V is projective.
(ii) If V is an object in Λ-Gproj, then for all j ≥ 1, there exists a finitely generated left Λ-module W such that V = Ω j W , where Ω denotes the syzygy operator.
The following definition was introduced by X. W. Chen and L. G. Sun in [24] , which was further studied by G. Zhou and A. Zimmermann in [55] , as a way of generalizing the concept of stable equivalence of Morita type introduced by M. Broué in [15] . Definition 4.2. Let Λ and Γ be finite-dimensional k-algebras, and let X be a Γ-Λ-bimodule and Y a Λ-Γ-bimodule. We say that X and Y induce a singular equivalence of Morita type between Λ and Γ (and that Λ and Γ are singularly equivalent of Morita type) if the following conditions are satisfied:
(i) X is finitely generated and projective as a left Γ-module and as a right Λ-module.
(ii) Y is finitely generated and projective as a left Λ-module and as a right Γ-module.
(iii) There is a finitely generated Γ-Γ-bimodule Q with finite projective dimension such that X ⊗ Λ Y ∼ = Γ ⊕ Q as Γ-Γ-bimodules. (iv) There is a finitely generated Λ-Λ-bimodule P with finite projective dimension such that Y⊗ Γ X ∼ = Λ ⊕ P as Λ-Λ-bimodules. send finitely generated Gorenstein projective modules to finitely generated Gorenstein projective modules. Proposition 4.4. Let Λ and Γ be finite dimensional k-algebras, and assume that Γ X Λ and Λ Y Γ are bimodules that induce a singular equivalence of Morita type between Λ and Γ as in Definition 4.2, and such that Hom Γ (X, Γ) and Hom Λ (Y, Λ) are of finite projective dimension as a left Λ-module and as a left Γ-module, respectively. If V is a finitely generated Gorenstein projective left Λ-module, then X⊗ Λ V is a finitely generated Gorenstein projective left Γ-module. Moreover, if P is a finitely generated Λ-Λ-bimodule with finite projective dimension satisfying Definition 2.7 (iv), then P⊗ Λ V is a finitely generated projective left Λ-module.
Proof. Assume that V is a finitely generated Gorenstein projective left Λ-module. It follows from Remark 4.3 that X⊗ Λ V is a finitely generated Gorenstein projective left Γ-module. Assume next that P is a finitely generated Λ-Λ-bimodule with finite projective dimension and which satisfies Definition 4.2 (iv). Then there exists a finite projective resolution of the Λ-Λ-bimodule P :
where s ≥ 0 is the projective dimension of P as a Λ-Λ-bimodule. Since for every 0 ≤ j ≤ s, P j is a projective Λ-Λ-bimodule, it follows that P j is also a left and a right projective Λ-module. In particular, the complex (4.2) is a projective resolution of P as a right Λ-module, which implies that P has finite projective dimension as a right Λ-module. In particular, the right Λ-module Ω s Λ P = P s is a projective right Λ-module. Since V is a Gorenstein projective, it follows from Lemma 4.1 (ii) that there exists a finitely generated left Λ-module W 1 such that V = Ω 2) is finitely generated and projective, it follows that P j⊗ Λ V is a finitely generated projective left Λ-module, which implies that (4.3) is a projective resolution of P⊗ Λ V . Therefore P⊗ Λ V has finite projective dimension as a left Λ-module.
On the other hand, since P satisfies Definition 2.7 (iv), it follows that Y⊗ Γ (X⊗ Λ V ) ∼ = V ⊕ (P⊗ Λ V ) as left Λ-modules.
By hypothesis and by Remark 4.3, we have that both V and Y⊗ Γ (X⊗ Λ V ) are both finitely generated Gorenstein projective left Λ-modules, and therefore so is P⊗ Λ V . It follows from Lemma 4.1(i) that P⊗ Λ V is a finitely generated projective left Λ-module. This finishes the proof of Proposition 4.4.
We obtain the following immediate consequence of Proposition 4.4 involving complexes.
Corollary 4.5. Let Λ and Γ be finite dimensional k-algebras, and assume that Γ X Λ , Λ Y Γ and P are as in Proposition 4.4. If V • is a bounded complex in C − (Λ) whose terms are all finitely generated Gorenstein projective left Λ-modules, then P⊗ Λ V
• is an object in K b (Λ-proj).
Before we state the second important result of this article, we should note that by [13, Thm. 3.1.4] , versal deformation rings of bounded complexes of finitely generated modules over finite-dimensional algebras are preserved by derived equivalences induced by nice two-sided tilting complexes (as introduced in [13, Def. 3.1.1]). However, by e.g. [26] and its references, not every stable equivalence of Morita type between selfinjective algebras is induced by a derived equivalence. Moreover, it is shown in [6, §4] that equivalences of singularity categories not necessarily induce singular equivalences of Morita type. Theorem 4.6. Let Λ and Γ be finite dimensional k-algebras, and assume that Γ X Λ , Λ Y Γ and P are as in Proposition 4.4. Let V
• be a bounded complex in C − (Λ) whose terms are all finitely generated Gorenstein projective left Λ-modules. Then the terms of X⊗ Λ V
• ) and R(Γ, X⊗ Λ V • ) are isomorphic inĈ. Moreover, R(Λ, V
• ) is universal if and only if R(Γ, X⊗ Λ V • ) is universal.
Although the proof of Theorem 4.6 is easily obtained by adjusting the arguments in the proof of [13, Prop. 3.2.6] to our context, we decided to include it for the convenience of the reader.
Proof of Theorem 4.6. Let R be an Artinian object in C. Note that X R = R⊗ k X (resp. Y R = R⊗ k Y ) is projective as left RΓ-module (resp. RΛ-module) and as right RΛ-module (resp. RΓ-module). Since X R⊗RΛ Y R ∼ = R⊗ k (X⊗ Λ Y ), following Definition 4.2 we obtain Y R⊗RΓ X R ∼ = RΛ ⊕ P R as RΛ-RΛ-bimodules, and
where P R = R⊗ k P (resp. Q R = R⊗ k Q) is a RΛ-RΛ-bimodule (resp. RΓ-RΓ-bimodule) of finite projective dimension. By Corollary 4.5 we have that P⊗ Λ V
• is an object in K b (Λ-proj), and thus by Lemma 3.10, we have that P⊗ Λ V
• has a universal deformation ring R(Λ, P⊗ Λ V • ) isomorphic to k. In particular, every quasi-lift of P⊗ Λ V
• over R is isomorphic to the trivial quasi-lift (
• is the natural isomorphism in K − (Λ). Let now (M • , φ) be a quasi-lift of V
• over R. Since R is Artinian, by Remark 2.8 we can assume as before that V • (resp. M
• ) is a bounded above complex of abstractly free finitely generated Λ-modules (resp. RΛ-modules), and that φ is given by a quasi-isomorphism in C − (Λ) that is surjective on terms. Let M • = X R⊗Λ M
• . Note that all the terms of M
• are finitely generated left RΓ-modules. Since X R is a finitely generated projective right RΛ-module and since M
• has terms that are all free over RΛ, it follows that all the terms of M
• are abstractly free finitely generated RΓ-modules. We next observe that we can view Λ-mod as the full subcategory of RΛ-mod that consists in all those objects in RΛ-mod on which the action of the maximal ideal m R of R is trivial. Moreover, on Λ-mod the functor X R⊗Λ − coincides with the functor X⊗ Λ −. Define φ = X R⊗RΛ φ. Since φ is assumed to be a quasi-isomorphism in C − (Λ) and X R is projective as a right RΛ-module, it follows that φ is also a quasi-isomorphism in C − (Γ). Moreover,
which means (M • , φ ) is a quasi-lift of V • over R. We therefore obtain for all Artinian objects R in C, a well-defined map
We need to show that Ξ R is bijective. Arguing as in (4.4), we see that (
Since (P R⊗RΛ M • , P R⊗RΛ φ) is a quasi-lift of P⊗ Λ V • over R, which is a perfect complex over Λ, it follows from Lemma 3.10 that Ξ R is injective. Now let (L • , ψ) be a quasi-lift of V = X⊗ Λ V • over R. As before, since R is Artinian, we can assume that L
• is a bounded above complex of abstractly free finitely generated RΓ-modules, and that ψ is given by a quasi-isomorphism in C − (Γ) that is surjective on terms. Then (L
• ) over R. By Lemma 3.10, there exists a quasi-lift (M • , φ) of V
• over R such that (L • , ψ ) is isomorphic to the quasi-lift
In particular, we can assume that the terms of M • are abstractly free finitely generated RΛ-modules, and φ is given by a quasi-isomorphism in C − (Λ) that is surjective on terms. Arguing similarly as Example A.2. Let Λ 0 be the basic 3-cycle Nakayama k-algebra with quiver Z 3 as in Figure 1 with normalized admissible sequence c(Λ 0 ) = (8, 9, 9) as explained in [25, §3.1] .
igure 1. The quiver of the basic 3-cycle Nakayama k-algebra Λ 0 .
It follows from [25, Prop. 3.14 (3)] for the case k = 2 that Λ 0 is a non-Gorenstein Nakayama algebra which is not CM-free in the sense of [22] . Moreover, the isomorphism classes of finitely generated indecomposable Gorenstein projective Λ 0 -modules are represented by the string Λ 0 -modules (in the sense of [18] ) V 1 = M [γ 3 γ 2 ] and V 2 = M [γ 3 γ 2 (γ 1 γ 3 γ 2 )]. Since Λ 0 is in particular special biserial, we can use the description of morphisms between string Λ 0 -modules as discussed in [40] . It is straightforward to show that End Λ0 (V 1 ) = k and End Λ0 (V 2 ) = k. Moreover, using the composition series of the indecomposable projective Λ 0 -modules, we obtain that ΩV 2 = V 1 . We also obtain that Ext 
